In this paper, we consider the initial boundary value problem of the two dimensional multi-term time fractional mixed diffusion and diffusion-wave equations. An alternating direction implicit (ADI) spectral method is developed based on Legendre spectral approximation in space and finite difference discretization in time. Numerical stability and convergence of the schemes are proved, the optimal error is O(N −r + τ 2 ), where N, τ, r are the polynomial degree, time step size and the regularity of the exact solution, respectively. We also consider the non-smooth solution case by adding some correction terms. Numerical experiments are presented to confirm our theoretical analysis. These techniques can be used to model diffusion and transport of viscoelastic non-Newtonian fluids.
Introduction
In the last few decades, fractional order differential equations have been successfully employed for modeling of many different processes and systems, such as physics, chemistry, engineering, astrophysics, classical mechanics, quantum mechanics, nuclear physics, hadron spectroscopy, reader can refer to [1, 2, 3] .
Compared to single-term time fractional partial differential equations(PDEs), for example, time frational sub-diffusion or diffusion wave equation which the fractional order is 0 < α < 1 and 1 < α < 2, respectively. The multi-term time fractional PDEs are proposed to improve the modelling accuracy in depicting the anomalous diffusion process, successfully capturing power-law frequency dependence [4] , adequately modeling various types of viscoelastic damping [5] , properly simulating the unsteady flow of a fractional Maxwell fluid [6, 7, 8] . Qin et al. [9] developed multi-term time fractional Bloch equations and application in magnetic resonance imaging. Qin et al. [10] considered two-dimensional multiterm time and space fractional Bloch-Torrey model based on bilinear rectangular finite elements. Fan et al. [11] derived a unstructured mesh finite element method for the two-dimensional multi-term time-space fractional diffusion-wave equation on an irregular convex domain. Fan et al. [12] proposed some novel numerical techniques for an inverse problem of the multi-term time fractional partial differential equation.
In this paper, we consider the following two dimensional multi-term time fractional mixed diffusion and diffusion-wave equation:
a j C D αj 0,t u(x, y, t) = µ∆u(x, y, t) + f (x, y, t),
subject to initial conditions u(x, y, 0) = g 1 (x, y), ∂ t u(x, y, 0) = g 2 (x, y),
and boundary conditions u(x, y, t)| ∂Ω = 0,
where (x, y) ∈ Ω, t ∈ (0, T ), Ω = I x ×I y = (−1, 1)×(−1, 1), 2 > α > α 1 > ... > α Q ′ > 1 = α Q ′ +1 > ... > α Q > 0, Q is an integer and the fractional derivative α and α j are defined in Caputo sense, a j and µ are positive numbers. The multi-term time-fractional PDEs have generated considerable interest both in mathematics and in applications. Existence, uniqueness and a priori estimates for a class of these equations were obtained by Luchko [13] based on an appropriate maximum principle and the Fourier method. The analytical solutions of the multi-term fractional PDEs have been studied by many authors. Schneider [14] considered the fractional diffusion and wave equations in full spaces and half spaces and obtained the corresponding Greens functions in terms of Fox functions. Daftardar-Gejji et al. [15] obtained the linear and nonlinear diffusion-wave equations of fractional order by Adomian decomposition method. Jiang et al. [16] derived the analytical solutions for the multi-term time-space fractional advection-diffusion equations. Subsequently, Ding et al. [17] presented the analytical solutions for the multi-term time-space fractional advection-diffusion equations with mixed boundary conditions. Ming et al. [18] proposed Analytical solutions of multi-term time fractional differential equations and application to unsteady flows of generalized viscoelastic fluid.
There are various numerical methods in the numerical analysis and scientific computing for multi-term time fractional equation, for multi-term time fractional diffusion equation, Liu et al. [19] used the fractional Adams-Bashforth method and fractional Adams-Moulton method as predictor and corrector formulas. Jin et al. [20] studied the equation in a bounded convex polyhedral domain with smooth and non-smooth data by finite element method. Zheng et al. [21] proposed a high order scheme using spectral method both in time and space. For multi-term time fractional diffusion-wave equation, Ren et al. [22] constructed some efficient numerical schemes to solve one-dimensional and two-dimensional cases by combining the compact difference approach for the spatial discretisation and an L1 approximation for the multi-term time Caputo fractional derivatives. Dehghan et al. [23] established two schemes which the time order is 3 − α and the space derivative was discretized with a fourthorder compact finite difference procedure and Galerkin spectral method, respectively. Salehi [24] developed a meshless collocation method to solve the equation in two dimensions, the moving least squares reproducing kernel particle approximation was employed to construct the shape functions for spatial approximation and the time accuracy was O(τ 3−α ). Feng [25] derive two new different finite difference schemes to approximate the unsteady MHD Couette flow of a generalized Oldroyd-B fluid, one the time accuracy is O(τ ), the other is O(τ min{3−γs,2−αq,2−β} ) and both second order in space, where γ s and α q are the biggest time derivative less than 2 and 1 respectively, β is the time derivative on the space derivative. Hao [26] designed a compact difference scheme with time fractional order (0 < α < 1 < β < 2), and proved the first order accuracy in time and fourth order in space, this scheme can be applied to multiterm time fractional and two dimensional cases. The interesting readers can also refer to a review paper [27] , in which the numerical methods for multi-term time-fractional differential equations were introduced.
However, the time order of the papers we mentioned above are all depending the fractional derivatives or less than two. There are some papers in which second order accuracy in time were obtained, see [28, 29, 30] . Recently, Wang [31] proposed a class of second order approximations by using Lubich's idea [32] , called weighted and shifted Grünwald difference operators for the RiemannLiouville fractional derivatives. In this paper, we use Wang's idea to construct an unified numerical scheme which occupies second order in time and spectral accuracy in space for the mixed diffusion and diffusion-wave equation in two dimensions. Chen [33] consider this equation in one dimensional case with variable coefficients, compared to Chen's paper, our main contributions are highlighted as follows:
We establish a proper ADI spectral scheme in order to conveniently solve the two dimensional multi-term time fractional equation on computer.
We rigorously prove the stability and convergence theorems of the ADI spectral scheme, and we get an optimal error estimate O(τ [33] . We consider the non-smooth solution case for this equation which has practical significance, more precisely, we add some correction terms to the ADI spectral scheme to achieve high accuracy.
The rest of this paper is organized as follows. In Section 2, some preliminaries and notations are shown. In Section 3, we establish a unified ADI numerical scheme for the two dimensional multi-term time fractional mixed diffusion and diffusion-wave equations. In Section 4, the stability and convergence of the fully discrete scheme are analysed. In Section 5, correction terms are added to solve non-smooth solution case. We do some numerical experiments in Section 6. Finally, a conclusion is made in Section 7.
Preliminaries and notations
, and H m (Ω) be the usual Sobolev spaces equipped with norms · , · ∞ and · m . The inner product of
We denote by L ∞ (0, T ; H m (Ω)) the space of the measurable functions u :
Let N be a positive integer. We denote by P N (Ω) be the space of all polynomials of degree no greater than N . The approximation space
Throughout this paper c is a generic positive constant independent of N . Now we introduce the property of the projector Π 1,0 N . Lemma 1 (see [34] ). Let s and r be real numbers satisfying 0 ≤ s ≤ r. Then there exist a projector Π 1,0 N and a positive constant c depending only on r such that for any function u ∈ H s (Ω) ∩ H r (Ω), the following estimate holds:
We also give the Gronwall inequality.
Lemma 2 (see [35] ). Assume that y 1 ≥ 0, h n , ϕ n are non-negative sequences and ϕ n satisfies
Then it follows
Now we recall some definitions of fractional calculus. For a given function f (t), α > 0, we denote by RL D −α 0,t f (t) the left side Riemann-Liouville fractional integral of order α which is defined as [36] 
For n − 1 < α < n, we denote by RL D α 0,t f (t) the left-sided Riemann-Liouville fractional derivative of order α which is defined as
For n − 1 < α < n, we denote by C D α 0,t f (t) the left-sided Caputo fractional derivative of order α which is defined as
We also have the following formula [37] RL D
The property of the fractional derivatives and integrals is that for any α, β > 0, we have
3. An ADI spectral scheme
For the approximation of the Riemann-Liouville fractional derivative, one can continuously extend the solution u(x, y, t) to be zero for t < 0 if u(x, y, 0) = 0. We use the weighted and shifted Grünwald difference to discretize the RiemannLiouville fractional derivative. Thus we assume that u(x, y, 0) = 0, otherwise, we can considerũ = u − u 0 .
Let τ be the time step size and M be a positive integer with τ = T /M and t n = nτ for n = 0, 1, ..., M. For the function u(x, y, t), denote u n = u(·, t n ) and
Taking the operation RL D −β 0,t on both sides of the equation (1), using the properties (7)- (8) , then the equation (1) is equivalent to the following form
where β = α − 1, β j = α j − α + 1 and
We can discrete the operator RL D β 0,t as in [31] (see Lemma 2.2) which are shifted Grünwald approximations, that is for any −1 ≤ β ≤ 1, we have
where
and g
Thus we obtain the time discretization for the equation (1):
For space discretization, we use Legendre spectral method in both x and y directions. Then the fully discrete scheme for equation (9) is to find u
As is known to all that ADI method can significantly reduce the computation time and storage requirements for problems defined in two dimensional spatial domain. This advantage motivates us to establish an ADI spectral scheme.
Denoting
Then, we get the following ADI spectral scheme:
Stability and convergence
In this section, we prove the stability and convergence for the ADI spectral scheme (14) .
Lemma 3 (see [31] ). For any positive integer k and real vector (v 1 , v 2 , ..., v k ) T ∈ R, it holds
It is easy to verify that the inner product form also holds by integrating the former equation in x and y direction, respectively, i.e.
According to (15) and the assumption u 0 N = 0, we know that
Now we present the stability result for the fully discrete scheme (14) .
The ADI spectral scheme (14) is stable under the condition τ < 1, it satisfies
where g is defined by the equation (10).
Proof. Taking v = 2u (14), we infer that
(17) Summing up the equation (14) for k from 0 to n−1, using (16), Hölder inequality, Young's inequality, and noticing that u 0 N = 0, we obtain
2 .
Namely,
Using the Gronwall inequality, we deduce that
Now we give the error estimate for the ADI spectral scheme (14) .
Theorem 2. Let u be the exact solution of the equation (1)- (3) and u k N be the solution of the equation (14) .
, r ≥ 4 and τ < 1, then we have
where c is a positive constant which is independent of N and τ .
Proof. Denote
Notice that e 0 N = 0. From the equation (9) and the fully discrete scheme (13), we obtain the following error equation:
where |R
According to e k = η N , we infer that
Summing up the above equation for k from 0 to n − 1, then taking v = 2e 
Now we estimate the terms on the right hand of the inequality (22), respectively. Using Hölder inequality, Young's inequality, and Lemma 1, we get 
Similarly, we have 2τ q Substituting all the above estimates into the equation (22), and assuming that τ < 1 holds, we infer that
Applying Lemma 2 for inequality (23), we deduce that
Finally, using the triangular inequality e n ≤ e n N + η n N and Lemma 1, we get the desired result.
Corrections
In Section 3, the second-order weighted shifted GL formula is applied to discretize the fractional operators. This formula is not a global second-order method, which preserves second-order accuracy when t is far from the origin, but may have very low accuracy near the origin, even for smooth solutions, see [38] . In order to obtain highly accurate numerical solutions, the correction terms are added when the fractional operators are discrerized, i.e.,
where λ (β) j are defined by (12) and w (β) k,j are the starting weights that are chosen such that
for u = t σj (1 ≤ j ≤ m) and 0 < σ j < σ j+1 . In the original scheme, the first-order time derivative is discretized by
, which yields second-order accuracy when u(t) is smooth. We modify the central difference for non-smooth solution as follows
where the starting weights w k,j are chosen such that
for u = t σj (1 ≤ j ≤ m) and 0 < σ j < σ j+1 .
In order to derive the ADI scheme, the perturbation term
N , ∂ x ∂ y v) is added to the non-ADI scheme (13) to obtain the ADI scheme (14) . If u is nonsmooth with low regularity, then the perturbation term
may cause large errors, which is resolved by the following modified perturbation
where the starting weights are chosen such that
for u = t σj (1 ≤ j ≤ m) and 0 < σ j < σ j+1 . Combining (24) , (26), and (28), we obtain the modified time discretization of (9) as follows:
where δ (m) t is defined by (26) , and
(31) From (30), we derive the following improved ADI spectral method: findu (32) . This could be done by applying the original ADI method (14) or non-ADI method (13) with smaller time stepsize. Other high-order timestepping methods can be also applied here to obtain the starting values. In this work, we apply the original ADI method (14) with smaller time stepsize to derive these values.
Remark 2. For the modified fully discrete scheme (32), the correction terms do not affect the stability, because we just need to move the correction terms to the right side of the equation (32) , and these terms are bounded. However, this modified scheme (32) has higher accuracy in time than the original scheme (14) for non-smooth solutions, which will be verified in the following numerical simulations. For more detail, we refer readers to [38] and the references therein.
Numerical experiment
In this section, we carry out numerical experiments by using the ADI spectral scheme to illustrate our theoretical results.
Numerical implementation
Let L n (x) denote Legendre polynomials of degree n. We select the basis functions as follows:
It is easy to verify that the basis functions satisfy the zero boundary conditions and we can write V i,j=0 are the frequency coefficients. We rewrite the equation (14) as follows:
Then for l, s = 0, 1, · · · , N − 2, we have
Moreover, we infer that
and
Finally, we divide the equation (34) into the following two separate equations,
where U * is an auxiliary vector. We first solve the equation (36) in x-direction, then we obtain U k+1 through the equation (36) in y-direction.
Numerical results
Example 6.1. We consider the problem (1) on a more general domain Ω = (−2, 1) × (−1, 2), and the parameters in the case Q = 2, α = 1.5, α 1 = 1, α 2 = 0.4, a 1 = a 2 = 1, µ = 2 with an exact analytical solution:
u(x, y, t) = t 3 exp(−(x 2 + y 2 )).
The corresponding forcing term is
We use the ADI spectral scheme (36) and (36) to solve the Example 6.1. The convergence rates in time and space in the L 2 −norm sense are defined as follows,
log( e(τ, N 1 ) / e(τ, N 2 ) ) log(N 1 /N 2 ) .
The convergence rates in max L 2 −norm sense are defined as the maximum value of all the L 2 −norms from the initial time to the final time T . Table 1 shows that the second-order accuracy in time is observed for both L 2 −error and max L 2 -error, which is consistent with our theoretical analysis. We also present the pictures for the true solution and the numerical solution in Fig. 1 and Fig. 2 .
From Fig.3 , we can see that both L 2 -error and max L 2 -error decay exponentially which is the so-called spectral accuracy.
Example 6.2. We consider the problem (1) with non-smooth solution case, the domain is also Ω = (−2, 1) × (−1, 2) , for simplicity, we consider:
0,t u(x, y, t) = 2∆u(x, y, t) + f (x, y, t), (37) where
The exact analytical solution is:
Now we do experiments by using the scheme (32), we select N = 32 and T = 1, the results of L 2 −error and L ∞ −error are give in Table 2 and Table 3 , respectively. We also give the pictures for the true solution and the numerical solution in Fig. 4 and Fig. 5 . Table 2 and Table 3 show the comparison results with the two schemes (14) and (32), we can see the results of scheme (32) with correction terms are better than the result of scheme (14) with no correction term (m = 0). 
Conclusion
We consider the two dimensional multi-term time fractional mixed diffusion and diffusion-wave equation by Legendre spectral method in space, we use the weighted and shifted Grünwald difference operators for the discretization of the time fractional operators. We construct the ADI spectral scheme, the stability and convergence of the scheme have been rigorously established. We also give a modified scheme to deal with the non-smooth solution case. We present some numerical results to confirm the theoretical analysis and the correction terms we add also verify the higher accuracy in time. The ADI spectral scheme can be extended to solve three dimensional or higher dimensional multi-term time fractional wave equation. In the future, we will try to solve high dimensional problems and extend to model diffusion and transport of viscoelastic non-Newtonian fluids.
